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Realizing quantum Hall states in a fast rotating Bose gas is a long sought goal in cold atom
research. The effort is very challenging because Bose statistics fights against quantum Hall corre-
lations. In contrast, Fermi statistics does not cause such conflict. Here, we show that by sweeping
the integer quantum Hall states of a spin-1/2 Fermi gas across the Feshbach resonance from the
BCS side to the BEC side at a “projection” rate similar to that in the “projection” experiment of
fermion superfluid, these states can be “fused” into a bosonic quantum Hall states. A projection
sweep means the pair association is sufficiently fast so that the center of mass of the pair remains
unchanged in the process. We show that the fusion of integer fermion states with filling factor
ν↑ = ν↓ = n will result in a bosonic Laughlin state and Pfaffian state for n = 1 and 2. The is due to
a hidden property of the fermionic integer quantum Hall states – for any grouping of opposite spin
into pairs, their centers of mass automatically assume a bosonic quantum Hall structure.
Since the discovery of Bose-Einstein condensation in
atomic gases, there have been continual efforts to realize
quantum Hall (QH) states in neutral atoms. The suc-
cess of this endeavor will lead to new ways to explore
quantum Hall states, such as probing particle correla-
tions with spatial imaging or interference methods. At
the same time, it will lead us to new classes of QH states
inaccessible in solids, including bosonic QH states, as well
as those of high spin particles. To realize quantum Hall
states, it is necessary to put all the atoms in the low-
est Landau level. This important step was accomplished
for a fast rotating Bose gas in a harmonic trap by Eric
Cornell’s group [1]. Still, reaching bosonic quantum Hall
states remains a great challenge. The difficulty comes
from the very nature of bosons, as Bose statistics tends to
condense all particles into the same single particle level;
whereas in a QH state the particles must distribute over
a large number of these levels. To overcome Bose con-
densation, the single particle levels must be made very
degenerate. Achieving such degeneracy requires the ro-
tational frequency Ω to be so close to the frequency of ωT
of the harmonic trap, such that 1−Ω/ωT ∼ 1/N , where
N is the number of bosons[2]. This window is too nar-
row to achieve in current experiments unless the system
contains only a few hundred bosons.
In contrast, Fermi statistics favors QH states as it
naturally spreads particles into different single particle
levels. Thus, for the same frequency ratio Ω/ωT , it is
much easier to achieve QH states with fermions than
with bosons. For example, a weakly interacting spin-
1/2 Fermi gas will be in an integer QH state if all the
particles are in the lowest Landau level, whereas a Bose
gas will remain a condensate with a vortex lattice until
the aforementioned condition is met. Here, we propose a
new method to create bosonic QH states. Our scheme is
to first prepare integer QH states of fermions of up and
down spins on the BCS side of the Feshbach resonance,
and then to sweep the system to the BEC side at the
“projection” rates such as those used in the JILA exper-
iment to detect pair condensation[3]. These are sweep
rates too brief for significant particle motion, but fast
enough to allow the formation of bosonic molecules. We
show that at such sweep rate, the integer QH states up
and down fermions with filling factor ν↑ = ν↓ = 1 and
ν↑ = ν↓ = 2 will “fuse” into a bosonic Laughlin state and
a bosonic Pfaffian state respectively. This is due to a
remarkable property of integer QH states: No matter in
what way the up and down spins in an integer QH state
ν↑ = ν↓ = n are grouped in pairs, the centers of mass
of these of pairs automatically form a bosonic n-cluster
QH state. Thus, in a “projection” sweep in which the
motion of the centers of mass of the pairs are frozen, the
incipient bosonic QH structures of the center of mass is
revealed as the opposite spins are “fused” into bosonic
molecules at these center of mass coordinates.
Cluster bosonic quantum Hall states: We are interested
in the Read-Rezayi sequence[4], which are symmetrized
product of ℓ clusters of bosonic Laughlin droplets. If all
droplets have the same particle number of particles N ,
the wavefunction of the ℓ-cluster state is
B(ℓ)[z] = S
[
ℓ−1∏
k=0
Φ[z(k)]2
]
, [z] = (z1, z2, ..zℓN ) (1)
Φ[w] ≡
∏
N≥i>j≥1
(wi − wj), [w] = (w1, w2, ..., wN ), (2)
where ℓN is the number of bosons, zi = xi + iyi
is the complex coordinate of the i-th boson, Φ[w] is
the Vandermont determinant, z
(k)
i ≡ zi+kN , [z
(k)] =
(z1+kN , z2+kN , .., z(k+1)N ), [z] = (z1, z2, ...zℓN ), and S
means symmetrization with respect to all ℓN coordi-
nates [z]. We shall omit the usual Guassian factor
for simplicity. B(1)[z] = Φ[z]2 is the bosonic Laughlin
state, B(2)[z] = S
(
Φ[z(0)]2Φ[z(1)]2
)
is the bosonic Pfaf-
fian state. It can be viewed as a p-wave BCS state of
“fermionized” bosons, as seen from the Cauchy identity,
2(proven in Appendix),
Φ[z]Φ[w] =
∏
i,j
(zi − wj)Det
∣∣∣∣ 1zi − wj
∣∣∣∣ , (3)
Eq.(3) allows us to rewrite B(2)[z] as
B(2)[z] = S
(
Φ[z]
N∏
i=1
1
zi − zi+N
)
. (4)
The antisymmetric property of Φ[z] make the bosons in
the product exchange like fermions. Consequently, the
product of pairs in Eq.(4)is antisymmetrized, and be-
comes a fermionic p-wave BCS state. All cluster QH
states with ℓ ≥ 1 are non-abelian[4].
Projection across Feshbach resonance: In cold atoms,
two fermions of opposite spin can be associated into
a tightly bound pair when brought across a Feshbach
resonance by varying an external magnetic field. Far
from resonance on the BCS side, the interaction between
fermions is weakly attractive. In high angular momentum
limit, the ground states of a spin-1/2 Fermi gas are in-
teger QH states. The question is what happens to these
states when the magnetic field sweeps across the Fesh-
bach resonance.
For two fermions in a harmonic trap, the center of mass
motion is unaffected by the sweep, while the motion of
the relative coordinate depends on the sweep rate. For
slow sweep, the wavefunction will evolve adiabatically
from an extended state to a tightly bound molecule[5].
For faster sweep, the extended states on the BCS side
can still be “projected” into small pairs on the BEC side.
Experiments in the many-body case showed that “when
the projecting magnetic-field sweep is completed on a
timescale that allows molecule formation but is still too
brief for particles to collide or move significantly in the
trap, the projection always results in 60% to 80% of the
atom sample appearing as molecules”[3]. At such sweep
rate, the centers of mass of the fermion pairs are forzen.
This is reflected by the fact that the quantum state of the
bosonic molecules emerging on the BEC side depends on
the phase coherence of fermion state prior to the sweep.
A fermion superfluid consisting of pairs of identical (zero)
momentum will project onto a Bose condensate with zero
momentum, whereas a normal fermion state without pair
coherence will project onto a Bose gas uncondensed[3]. It
is important to note that when passing through the res-
onance, the wavefunction of the relative coordinate must
include many higher landau levels in order to construct
a narrow bound state. In contrast, the center of mass
coordinates remain in the lowest Landau level.
Fusing of the integer fermion QH state ν↑ = ν↓ = 1 un-
der projection sweep: We first discuss some hidden prop-
erties of integer QH states. For the integer QH state of
a single component Fermi gas with filling factor ν = ℓ,
its wavefunction Ψ(ℓ) can be obtained by first construct-
ing the Slater determinant Lk of the k-th Landau level,
k = 0, 1, .., ℓ − 1 and then antisymmetrizing the prod-
uct of all occupied levels, Ψ(ℓ) = A(
∏ℓ−1
k=0 Lk). Noting
that the single particle wavefunction of the k-th Landau
level is z∗Pm(z), where Pm(z) is a polynomial of degree
m, the Slater determinant for N fermions in this level is
Lk[z] = Φ[z]
∏N
i=1 z
k∗
i . Thus, if there are N fermions in
all ℓ levels, the wavefunction is
Ψ(ℓ)[z] = A
[
ℓ−1∏
k=0
Φ[z(k)]
N∏
i=1
(
z
(k)
i
)∗k]
, (5)
where [z] = (z1, z2, ..., zℓN), z
(k)
i = zi+kN , and A means
antisymmetrization with respect to all z1 to zℓN .
The wavefunction of the integer quantum Hall state
ν↑ = ν↓ = 1 is Ψ
(1,1)([z], [w]) = Φ[z]Φ[w], where [z] and
[w] are the coordinates of up and down spins. Next, we
note the identity (derived in Appendix)
Φ[z]Φ[w] = CPA[z],[w]

 ∏
N≥i>j≥1
((RP )i − (RP )j)
2

 (6)
= CPA[z],[w]
(
Φ[RP ]
2
)
, (RP )i ≡ (zi + wPi)/2, (7)
where P is a permutation of the coordinates [w] =
(w1, w2, ..., wN ), and CP is a constant. Eq.(6) shows
that no matter how the opposite spins are grouped into
pairs, their centers of mass automatically organize into a
bosonic Laughlin state. In a projection sweep, the sep-
aration of an associating pair shrinks while its center of
mass remains unchanged. This fusing process can be
modeled by the family
Ψ([z], [w]; t) =
∑
P
A[z],[w]
[
Φ[RP ]
2
N∏
i=1
ft((rP )i)
]
(8)
where (rP )i ≡ zi −wPi. The time t = 0 and t = 1 labels
the beginning and the end of the sweep. ft(zi−wPi) is the
wavefunction of the fermion pair in the grouping P during
the sweep. At t = 0, ft=0(r) = 1, so Eq.(8) reduced to
the fermionic integer QH state Φ[z]Ψ[w]. At t = 1, ft=1
is the wavefunction of a tightly bound molecule and can
be treated as a delta-function on the scale of the spacing
between molecules. The fermion coordinates [z], [w] then
reduce to the coordinates [RP ] of the bosonic molecules,
and Eq.(8) becomes a sum of bosonic wavefunctions ΨP
with coordinates {(RP )i},
Ψ([z], [w]; t = 1)→
∑
P
ΨP (9)
ΨP = S

 ∏
N≥i>j≥1
((RP )i − (RP )j)
2

 (10)
Note that different permutations corresponds to different
ways to group opposite spins in to pairs, which leads to
a different set of centers of mass {(RP )i}. Because of the
3narrow width of ft=1, the matrix element of any n-body
operator of fermions between two different P states in
Eq.(8) will vanish unless n is of order N . Thus, different
states ΨP belong to different Hilbert space. A measure-
ment process will collapse the state in Eq.(8) into one of
the bosonic Laughlin states.
If the initial fermion state has more up than down
spins, then the projection will give a boson-fermion QH
mixture,
ΨBF ([R], [z]) =
∏
i>j
(Ri −Rj)
2
∏
i,a
(za −Ri)
∏
a>b
(za − zb),
(11)
where Ri and za are the coordinates of molecules and
excess spins. If only a fraction of the fermions are fused
into bosons and the rest remain in the integer QH state,
the projected state is
Ψmix([R], [z], [w]) = Φ[R]
2Φ[z]Φ[w]
∏
i,a
(za−Ri)
∏
i,b
(wb−Ri).
(12)
The density profiles of these states can be determined
using standard plasma analog[6], which shows that the
bosonic Laughlin state will sit at the center of the trap,
with fermions surrounding it in a ν↑ = 1 QH state. In
the same way, one can create quasi-holes and their super-
position in the bosonic Laughlin state by first engineer-
ing hole states and their superposition in the fermion
ν↑ = ν↓ = 1 state, and the sweep across the resonance at
the projection rate.
Fusing of the integer fermion QH state ν↑ = ν↓ = 2 :
The wavefunction of the fermion integer QH state ν↑ =
ν↓ = 2 is, according to Eq.(5),
Ψ(2,2)([z], [w]) = Az,w

 ∏
k=0,1
Φ[z(k)]Φ[w(k)]
N∏
i=1
z
(1)∗
i w
(1)∗
i

 .
(13)
One can generalize Eq.(7) to two Landau levels so that
the product of Φ’s Eq.(13) can be expressed in terms of
centers of mass of the pairs. The generalization (derived
in Appendix) is
∏
k=0,1
Φ[z(k)]Φ[w(k)] = A
(
Φ[R
(0)
P,Q]
2Φ[R
(1)
P,Q]
2
)
(14)
where (R
(0)
P,Q)i ≡
1
2 (zPi + wQi), i = 1, 2, ..N , and
Φ[R
(0)
P,Q] =
∏
N≥i>j≥1
(zPi + wQi − zPj − wQj)/2 . (15)
(R
(1)
P,Q)i and Φ[R
(1)
P,Q] are similarly defined, obtained by
replacing i and j on the right hand side of (R
(0)
P,Q)i and
Φ[R
(0)
P,Q] replaced by i + N and j + N . Here, P and Q
are arbitrary permutations of 2N coordinates of z and w
respectively. A means antisymmetrization with respect
to the sets [z(0)], [z(1)], [w(0)], and [w(1)]. Eq.(14) shows
that for any grouping of the the up and down spins into
pairs, the center of mass of these pairs will automatically
organized into a 2-cluster (or bosonic Pfaffian) state un-
der antisymmetrization. The distinction between Eq.(14)
and (6) is that the up and down spins in Eq.(14) can be
from the first or the second Landau level (i.e. k = 0 or
k = 1 in Eq.(5)). These different ways to fuse the up and
down spins into a boson is the origin of the non-abelian
nature of the excitations of the Pfaffian state, which we
shall discussed elsewhere.
The projection family Eq.(8) is now generalized to
Ψ([z], [w]; t) =
∑
P,Q
A[z],[w](
∏
N≥i>j≥1
((RP,Q)i − (RP,Q)j)
2
∏
N≥i>j≥1
((RP,Q)i+N − (RP,Q)j+N )
2
N∏
i=1
z∗i+Nw
∗
i+N
2N∏
i=1
ft(zPi − wQi)) (16)
where ft is the same function as in Eq.(8). At t = 0,
Eq.(16) is the fermion integer QH state Ψ(2,2)([z], [w]).
As in the previous case a measurement on Eq.(16) at
t = 1 will pick out a Pfaffian state of the form
ΨPf [R] = S
(
Φ[R(0)]2Φ[R(1)]2t[R]
)
(17)
where R
(0)
i ≡ Ri, R
(1)
i ≡ Ri+N , and S is the symmetriza-
tion over the 2N bosons, and t[R] is a polynomial of
R∗i of degree 2N that comes from the z
∗ products in
Eq.(16). It has the same degree as a quasi-hole exci-
tation
∏2N
i=1(Ri − a) (except for complex conjugation),
and therefore has negligible effects on the underlying QH
structure provided by the Laughlin factors, which has
degree (2N)2.
It is straightforward to show that fermionic QH states
with willing factor ν↑ and ν↓ will fuse into a bosonic state
with filling factor
1
νB
=
1
ν↑
+
1
ν↓
. (18)
This is because a boson sees the flux of both up and
down spins, while its number is the same as each spin
population. The filling factor of the bosonic Laughlin
and Pfaffian states are 1/2 and 1 respectively.
Fusing fermionic QH state ν↑ = 1 and ν↓ = 2: The
fermion wavefunction prior to the sweep is, (assuming
2N fermions of each spin),
Ψ(1,2)([z], [w]) = Az

Φ[z(0)]Φ[z(1)] ∏
1≥i,j≥1
(z
(0)
i − z
(1)
j )


Aw
(
Φ[w(0)]Φ[w(1)]
N∏
i=1
w
(1)∗
i
)
(19)
4Using Eq.(14), and following the discussions of the pre-
vious section, one sees that the state Ψ(1,2)([z], [w])
(Eq.(19) will fuse into a bosonic “(221)” state
Ψ(221)[R] = S

Φ[R(0)]2Φ[R(1)]2∏
i,j
(R
(0)
i −R
(1)
j )t[R]


(20)
where t[R] is a polynomial of degree N , which has negli-
gible effect on the underlying QH structure as discussed
before. As shown in Eq.(18), the (221) state has filling
factor νB = 2/3.
The nomenclature (mmn) is taken from electron
physics[7][8]. Here, it means the symmetrized prod-
uct S
[
Φ[R(0)]mΦ[R(1)]m
∏
i,j(R
(0)
i −R
(1)
j )
n
]
. In bilayer
QH system, R(0) and R(1) refer to electrons in the up-
per and lower layer respectively. However, there is no
anti-symmetrization of electron coordinates between the
layer due to lack of layer coherence in the limit of weak
layer tunneling. In Eq.(20), the symmetrization is neces-
sary. From the standard flux counting[8] or the plasma
analog[6], one finds the filling factor of the (mmn) state
is ν = 2/(m + n), which is 2/3 in the case Ψ(221), in
agreement with Eq.(18).
The quasi-holes of Ψ(221) are of the form (
∏N
i=1(R
(0)
i −
a)Ψ(221) or
∏N
i=1(R
(1)
i − a)Ψ
(221) ); as well as
∏2N
i=1(Ri−
a)Ψ(221). They have fractional charge 1/(m + n) and
2/(m+ n) respectively[8]. In the case of the (221) state,
the first type of excitation (charge 1/3) can be created by
inserting a hole in the ℓ = 1 or ℓ = 1 Landau level of the
down spin fermions prior to the sweep, (i.e.
∏N
i=1(w
(0)
i −
a)Φ[w] or
∏N
i=1(w
(1)
i −a)Φ[w]). The second type (charge
2/3) can be created by inserting a hole in the lowest
Landau level of the up spin fermions (
∏2N
i=1(zi − a)Φ[z]).
Further Discussions : (i) Stability: Even though the
projection sweep is a non-equilibrium process, the result-
ing bosonic Laughlin state is stable because it is an eigen-
state of bosons with short range repulsion. As for the
bosonic Pfaffian, there is numerical evidence that it is
close to the ground state for filling factor ν = 1[9].
(ii) Generalization to higher integer QH states : It is
striaghtforward to generalize Eq.(14) to arbitrary number
of Landau levels, (see also Appendix). This shows that
the center of mass of the pairs in any grouping of opposite
spins in the integer QH state ν↑ = ν↓ = n will organized
into a bosonic n-cluster QH state.
(iii) Projection sweep versus “sewing”: By the
“sewing” of two quantum Hall states Ψ(ν↑)[z] and
Ψ(ν↓)[w], we mean taking the product of these two states
and then let wi → zi. This process is different from
Eq.(8) and (16), since it will not keep the center of mass
of the pairs unchanged in the fusing process. Although
these two procedures give the same bosonic Laughlin
state for the case ν↑ = ν↓ = 1, they give different re-
sults for high Landau levels, ν↑ = ν↓ = n ≥ 2, as easily
verified for a system of a few particles.
(iv) Parton models: In the early studies of QH effects,
a number of authors had suggested a patron construction
of QH states[10, 11]. Within such construction, an elec-
tron is viewed as a composite of three different types of
fictitious fermions (called partons), each of which is in an
integer QH state. The physical QH state of the electrons
is obtained by the fusing the QH states of the partons.
Likewise, a bosonic QH state can be viewed as the fu-
sion of the QH states of two different types of partons.
Here, we show that there is indeed a physical process
to approach the parton picture, at least in the bosonic
case. In our process, the “partons” are now no longer
fictitious particles, but real fermions with spin up and
down. However, unlike the parton discriptions[10, 11]
which keep the partons in the lowest or a few low lying
Landau levels, the fermions in the projection sweep must
include a large number of Landau levels in order to form
a bound state. On the BEC side of the resonance, only
the center of mass of a fermion pair can remain in the
low lying Landau levels. A fermion itself cannot.
Appendix: Proof of Eq.(3), (6) and (14): The right
hand side of all these equations are polynomials of [z] and
[w]. Since any antisymmetric polynomial of (z1, .., , zN )
must contain a Vandermont determinant Φ[z], these
polynomials must contain a Vandermont determinant of
the coordinates to be antisymmetrized, and hence the re-
sults in Eq.(3), (6) and (14), as well as the generalization
of Eq.(14) to arbitrary number of Landau levels, after
comparing the degree of the polynomials on both sides
of the equation.
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